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The Multistage Model
Several instances over time (stages) of the same problem. Find a solution to each instance such

that the sequence of solutions is robust, i.e., consecutive solutions differ not too much.

Example: (Saarbrückener Faasend) Asked to film (live) street parades (e.g. carnival); We have

few camera teams; We want few concurrent resets.

1 pm 2 pm 3 pm

2×

Input: A sequence (I1, . . . , Iτ) of instances of some problem L (e.g. Vertex Cover).

Question: Is there a sequence (S1, . . . , Sτ) of solutions, i.e., Sj is a solution to Ij for

all j ∈ {1, . . . , τ}, such that diff(Sj , Sj+1) is small for all j ∈ {1, . . . , τ − 1}?
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From Multistage To Temporal Graph Problem
A multistage graph problem:

Input: A sequence (I1 = (G1, k), . . . , Iτ = (Gτ , k)) of instances of Vertex Cover

over the same set V of vertices, i.e. Gi = (V,Ei).

Question: Is there a sequence (S1, . . . , Sτ) of solutions, i.e., Sj is a solution to Ij for

all j ∈ {1, . . . , τ}, such that diff(Sj , Sj+1) is small for all j ∈ {1, . . . , τ − 1}?

⇓

Input: A temporal graph G = (V,E1, . . . ,Eτ), and k ∈ N.

Question: Is there a sequence (S1, . . . , Sτ) such that Sj ⊆ V is a size-at-most-k

vertex cover of (V,Ej) for all j ∈ {1, . . . , τ} and diff(Sj , Sj+1) is small for

all j ∈ {1, . . . , τ − 1}?

∣Sj △ Sj+1∣ ≤ ` for some given ` ∈ N
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A Brief History on “Multistage (MS)”

2014 2015 2016 2017 2018 2019 2020 2021

⋯

Eisenstat et al. [ICALP]:

MS Facility Location

Gupta et al. [ICALP]:

MS Matroid Maintenance

& MS Perfect Matching

Bampis et al. [SWAT]:

MS Matchings

Bampis et al. [ESA]:

Online MS Subset

Maximization Problems

F et al. [IPEC]:

MS Vertex Cover

Bampis et al. [arXiv]: (LP-Solutions to)

E.g.: MS {Min-Cut, Vertex Cover,

Steiner Tree, Traveling Salesperson}

Bampis et al. [MFCS]:

MS Knapsack

Heeger et al. [arXiv]:

Global Budget MS

Chimani et al. [arXiv]:

MS Perfect Matching

Bredereck et al. [arXiv]:

MS Committee Election

F et al. [arXiv]:

MS s-t Path
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Multistage Vertex Cover

Input: A temporal graph G = (V,E1, . . . ,Eτ), two integers k, ` ∈ N.

Ques.: Is there a sequence (S1, . . . , Sτ) such that for all i ∈ {1, . . . , τ}, Si is a size-at-

most-k vertex cover of (V,Ei), and for all i ∈ {1, . . . , τ − 1}, ∣Si△ Si+1∣ ≤ `?

Multistage Vertex Cover (MSVC)

G1 v1 v2

v3v4

G2 v1 v2

v3v4

G3 v1 v2

v3v4

k = 2, ` = 1
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Multistage Vertex Cover: Results

general layers tree layers one-edge layers

0 ≤ ` < 2k ` ≥ 2k 0 ≤ ` < 2k 1 ≤ ` < 2

NP-hard NP-hard NP-hard NP-hard

τ para-NP-hard para-NP-hard para-NP-hard FPT, PK

k XP, W[1]-hard FPT, No PK XP, W[1]-hard open, No PK

k + τ FPT, PK FPT, PK FPT, PK FPT, PK

τ : number of stages; k: allowed vertex cover size; `: allowed sym. diff. size

FPT: f(p) ⋅ ∣I ∣O(1)-time; W[1]-hard: presumably not FPT;

XP: ∣I ∣f(p)-time; para-NP-hard: presumably not XP;

PK : (I, p)
poly-time
Ð→ (I ′, p′) with ∣I ′∣ + p′ ≤ pO(1); No PK: presumably no PK.
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An O(τ ⋅ k2)-sized Kernel for MSVC—Lifting the Classic
Reduction Rule (Isolated vertices): If ∃ v ∈ V such that e ∩ v = ∅ ∀ e ∈ E(G↓), then delete v.

Reduction Rule (High-degree): If ∃v ∈ V with J ∶= {i ∈ {1, . . . , τ} ∣ degGi(v) > k} ≠ ∅, then add

vertex wv to V and for each i ∈ J , remove all edges incident to v in Gi and add edge {v,wv}.

G1
u v

G2
u v

G3
u v

G4
u v

G′
1
u v

wu wv

↝

G′
2
u v

wu wv

↝

G′
3
u v

wu wv

↝

G′
4
u v

wu wv

↝

Reduction Rule (no-instances): If above RRs are not applicable and ∃ layer with > k2 edges,

then output trivial no-instance.
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Multistage s-t Path

Input: A temporal graph G = (V,E1, . . . ,Eτ), two designated vertices s, t ∈ V , two inte-

gers k, ` ∈ N.

Ques.: Is there a sequence (P1, . . . , Pτ) such that for all i ∈ {1, . . . , τ}, Pi is a order-at-

most-k s-t path in (V,Ei), and for all i ∈ {1, . . . , τ − 1}, ∣V (Pi)△ V (Pi+1)∣ ≤ `?

Multistage s-t Path (MSP)

G1 s v2

v3v4

tv5

G2 s v2

v3v4

tv5

G3 s v2

v3v4

tv5

k = 5, ` = 1

Application(s): Securing routes under uncertainty, robust re-routing, . . .

Theorem: NP-hard even for two stages and ` = 0.
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Multistage s-t Path: Results

τ `

` + τ

k

k + τ

ν↓

ν↓ + τ
n

n + τ

∆max + k

τ +∆↓

p-NP-h

W[1]-h

XP, W[1]-h

FPT, noPK

FPT

FPT, PK

sym. dif. `

# of path vertices k

underlying max. deg. ∆↓

layers’ max. deg. ∆max

# of vertices n

underlying vcn ν↓

# of stages τ

E△E-MSP

V△V-MSP
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A O(4ν↓⋅τ) Kernel for Multistage s-t Path—Lifting Twins
Definition. Two vertices v,w in a temporal graph G are called temporal twins

if N(V,Ei)(v) = N(V,Ei)(w) for every i ∈ {1, . . . , τ}.

G1

X

x G2

X

x

≤ 2∣X∣τ many temporal twin classes

G3

X

x

each of size ≤ ∣X ∣ + 1

Kernelization:

1. Compute vertex cover X of G↓ of size ≤ 2ν↓. (poly.-time)

2. Compute temporal twins in V ∖X of G. (poly.-time)

3. Delete vertices in too large temporal twin classes. (poly.-time)

Till Fluschnik Temporal Graph Problems From the Multistage Model 10 / 12



Epilogue

Multistage is a generic and natural model.

Variations:

● Small over-all aggregated changes

(“Global Multistage”).

● Dissimilarity (∣ ⋅ ∩ ⋅ ∣ small) or

variety (∣ ⋅ △ ⋅ ∣ large).

Outlook:

● Between “standard” and “global”: taking

(time-)windows into account.

● Lifting more “classic” notions and

techniques (e.g. for polynomial kernels for

problem L to Multistage L).

Three open problems restated in this talk:

● Is Multistage Vertex Cover

in FPT w.r.t. k on temporal graphs with

one-edge layers?

● Is E△E-MSP in XP w.r.t. ` + τ?

● Does E△E-MSP admit a poly. problem

kernel w.r.t. ν↓ + τ?

Thank you!Thank you!
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Multistage Vertex Cover is W[1]-hard w.r.t. k
Clique ≤fpt Multistage Vertex Cover with ` = 2:

u v

w

e1

e2e3 ↝

c2 c4 c6
c1 c3 c5 c7c3 c5 c7c2 c4 c6

u11

u12

u13

u21

u22

u23

u11

u12

u13

u21

u22

u23

e1

u v

e2

v w

e3

u w

“repeat” many times
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